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We investigate theoretically the fractional quantum Hall effect at half-filling in the lowest Landau
level observed in asymmetric wide quantum wells. The asymmetry can be achieved by a potential
bias applied between the two sides of the well. Within exact-diagonalization calculations in the
spherical geometry, we find that the incompressible state is described in terms of a two-component
wave function. Its overlap with the ground state can be optimized with the help of a rotation in the
space of the pseudospin, which mimics the lowest two electronic subbands.
I. INTRODUCTION
The study of the fractional quantum Hall effect
(FQHE) is intimitely bound to progress in the fabrica-
tion of high-mobility samples, and the highest mobili-
ties are achieved today in wide GaAs/AlGaAs quantum
wells. A drawback of a large well width is, however,
the stronger three-dimensional character of the electron
motion, whereas the FQHE is a manifestation of elec-
tronic correlations in a strong magnetic field in a two-
dimensional (2D) electron system – strictly speaking, the
2D character is preserved in quantum wells only as long
as the electronic-subband separation is larger than the
other relevant energy scales, mainly the Coulomb inter-
action. In this case, important insight into the underly-
ing electron liquids and their exotic excitations has been
provided by studying trial wave functions1–4 for elec-
trons in the lowest subband and in a single spin branch.
The latter assumption was soon criticized by Halperin,
who pointed out that the Zeeman effect is insufficient
to justify this assumption because it is generally much
lower than the leading interaction energy scale. To cure
this drawback, he proposed5 a two-component general-
ization of Laughlin’s wave function1 that has proven to
be extremely fruitful in the understanding of several two-
component quantum Hall systems even if they are of
lower symmetry than the original SU(2) spin symmetry.
As an example beyond spin physics one may mention bi-
layer quantum Hall systems,6,7 where the layer index can
be mimicked by a spin 1/2, or more recently graphene
with its internal spin-valley degree of freedom.8
In order to understand the FQHE in wide quantum
wells, while maintaining the 2D aspect of the system,
only very recently a multi-component picture has been
utilized, in which the different components consist of the
electronic subbands. In the simplest case, one may re-
strict the theoretical description to the lowest two sub-
bands, which are then mimicked by a pseudospin s =
1/2.9 Within this model, exact-diagonalization9,10 and
Monte-Carlo calculations11 have shed light on a recently
observed FQHE at a filling factor ν = nel/nB = 1/2
(and ν = 1/4),12,13 where nel is the electronic and nB
the flux density. The states can be understood in terms
of the so-called (331) [and (553)] Halperin wave function,
the precise form of which is presented later in this paper
[Eq. (3)]. In addition to the well width, wide quan-
tum wells can be rendered asymmetric via a potential
bias that is experimentally achieved by side gates and
that presents a highly controllable parameter in the ex-
perimental study of the FQHE in these systems. Indeed,
recent experiments revealed an intriguing transition from
compressible to incompressible states when this potential
bias is varied.13,14
FIG. 1: (Color online) Scheme of the BQW, the first
two eigenfunctions ϕ↑ and ϕ↓ are plotted.
Here we investigate the (331) Halperin state within
a specially designed model for a biased quantum well
(BQW) that consists of a wide quantum well with infi-
nite potential walls. The potential bias is modeled by a
linear slope V z/w, where w is the well width in the z-
direction (see Fig. 1). We perform exact-diagonalization
studies of the Coulomb interaction within this model in
the spherical geometry, where we take into account the
two lowest electronic levels of the confinement potential
that are mimicked by a pseudospin s = 1/2. While at this
stage the restriction to only two subbands is a model as-
sumption, we justify it a posteriori by an investigation of
the pseudospin polarization that indicates a preferential
occupation of the lowest subband in the relevant parame-
ter range. Our main finding is that the FQHE at ν = 1/2
in the lowest LL can be interpreted as a (331) Halperin
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2state in a particular region of the (w, V ) parameter space,
surrounded by compressible states. This result is in ex-
cellent agreement with recent experimental findings,14,15
where a FQHE state at ν = 1/2 was stabilized in an in-
termediate bias range within a wide quantum well, while
it vanishes for very small and large values of V . On a
more technical side, our theoretical approach shows that
the overlap of this state with the exact ground state can
be largely enhanced at a variational parameter that phys-
ically plays the role of the pseudospin-polarization angle.
The paper is organized as follows. We introduce the
two-band model of the biased wide quantum in the FQHE
regime in Sec. II. The subband polarization and the max-
imization of the overlap via the variational pseudospin-
polarization angle are discussed in Sec. III. Section IV
is devoted to a discussion of our main results, and we
present our conclusions in Sec. V.
II. MODEL
When restricted to the lowest LL, the leading energy
scale for the electronic degrees of freedom is set by the
Coulomb interaction between electrons separated by the
distance r = |r1 − r2| in the plane,
V σ1...σ4(r)
=
e2
4pi
∫ w
0
dz
∫ w
0
dz′
ϕ∗σ1(z)ϕ
∗
σ2(z
′)ϕσ3(z)ϕσ4(z
′)√
r2 + (z − z′)2 ,
(1)
where ϕσ(z) denotes the wave function in the z-direction
associated with the first (σ =↓) and the second (σ =↑)
subband of the confinement potential. The wave func-
tions of the two lowest subbands are linear combinations
of Airy functions of the first and the second kind. A sec-
ond energy scale arises from the subband gap ∆(w, V ) =
E2 − E1, which is itself a function of the parameters
w and V , and that may be obtained by solving the
Schro¨dinger equation corresponding to the quantum me-
chanical problem of a particle in a the potential shown
in Fig. 1. The subband gap plays the role of a Zeeman
effect for the pseudospin. Notice furthermore that the
third subband, which we neglect here, is found at an en-
ergy E3−E1 ∼ 3∆(w, V ). In second quantized form, our
model Hamiltonian reads
H =
1
2
∑
{mi}
∑
{σi}
V σ1...σ4m1...m4(w, V ) c
†
m1σ1c
†
m2σ2cm4σ4cm3σ3
−∆(w, V )
2
∑
m
(c†m↑cm↑ − c†m↓cm↓),
(2)
where the operators c
(†)
m,σ annihilate (create) an electron
in the lowest-LL state |n = 0,m〉 in the subband σ, where
m is the quantum number associated with the angular
momentum. Here, we do not account for the physical spin
degree of freedom and consider spinless fermions. A cor-
rect implementation of the physical spin, in addition to
the subband pseudospin, would require a four-component
treatment similarly to the case of graphene.16,17 This
would substantially reduce the number of particles that
can be diagonalized. Instead, we rely on the fact that
exchange effects generally favor spin-polarized states for
a (spin) SU(2)-symmetric interaction that are further
stabilized by the Zeeman effect. The matrix elements
V σ1...σ4m1...m4(w, V ) correspond to the two-body interaction
(1) when projected to the lowest LL. A large number of
non-zero matrix elements needs to be taken into account,
in contrast to SU(2)-symmetric spin systems or bilayer
quantum Hall systems, where σ1 = σ3 and σ2 = σ4.
Notice, however, that the latter (bilayer) approximation
was made in Ref. 11, where the FQHE at half-filling was
investigated via Monte-Carlo calculations.
(a) 〈S2〉
5 10 15
w/lB
0
1
2
V
/
e
2
4
π
ǫ
l
B
0
5
10
15
20
25
30
(b) 〈Sz〉
5 10 15
w/lB
0
1
2
V
/
e
2
4
π
ǫ
l
B
0
1
2
3
4
5
FIG. 2: (Color online) Norm and z-component of
pseudospin for N = 10 and NB = 17.
Within exact-diagonalization studies in the spherical
geometry, we have investigated the ground-state proper-
ties at half-filling in the lowest LL for N = 6, 8, and
10 particles. The number of flux quanta threading the
sphere is NB = 2N+δ, where δ is a state-dependent shift
that is relevant in finite-size studies on the sphere. Here,
we are interested in the Halperin (331) state5
Ψ(331)({z↑i }, {z↓i }) =
∏
i<j≤N/2
(z↑i − z↑j )3
×
∏
i<j≤N/2
(z↓i − z↓j )3
∏
i,j≤N/2
(z↑i − z↓j ). (3)
which has a shift δ = −3.18 In Eq. (3), the complex po-
sitions zσj are those of particles in the pseudospin state
σ, and we have omitted the ubiquitous Gaussian factor.
The Hilbert space for 10 particles (and NB = 17) is of
dimension 1.2×107 and the largest system size accessible
numerically. In the remainder of the paper, we present
our results only for 10 particles since the results forN = 6
and 8 are qualitatively the same. We have concentrated
our investigation on the experimentally relevant param-
eter range w = 5...15lB and V = 0...2e
2/lB , where the
3ground state is always found in the sector with a total
angular momentum Lz = 0 that indicates a homogeneous
charge distribution, necessary for possible FQHE states.
Here and in the following sections, we measure lengths in
units of the magnetic length lB ' 25.8 nm/
√
B[T] and
energies in units of the Coulomb energy e2/lB , where 
is the dielectric constant of the host semiconductor ma-
terial.
III. SUBBAND POLARIZATION AND
ROTATION OF THE SUBBAND PSEUDOSPIN
Figure 2 shows the average pseudospin polarization
〈S2〉 and its z-component 〈Sz〉 in the ground state. These
results are a first indication for a transition from one- to
two-component states. Indeed, for narrow quantum wells
with small values of w, the subband gap is too large to
allow for a population of the higher subband σ =↑, and
the system is fully polarized in the z-direction – one re-
trieves the 2D limit where only the lowest subband is
relevant. That is also the case in larger wells with a high
bias V that effectively reduces the well width by creat-
ing a triangular confinement potential. This needs to be
contrasted to w ∼ 7lB , where one notices a reduction of
the pseudospin polarization (both for 〈S2〉 and 〈Sz〉) that
indicates an increase in the population of the upper sub-
band. In the black region of Fig. 2, the vanishing values
for both quantities are a strong indication for a transi-
tion to a pseudospin-singlet state with equal population
of both subbands. Notice that in the full parameter range
the polarization 〈Sz〉 never becomes negative such that
there is no population inversion between the lowest two
subbands. The absence of such population inversion cor-
roborates the validity of the model assumption to restrict
the electron dynamics to the lowest two subbands.
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FIG. 3: (Color online) Modulus of the overlap of (331)
with the ground state in the lowest LL versus
spin-rotation angle of (331), here w = 10, V = 1 and
the number of electrons is N = 10.
In order to interpret the results for the polarization,
one needs to realize that, even if the Halperin (331) state
has a polarization Sz = 0 in the z-direction, it is not a
singlet since it is not an eigenstate of the pseudospin S2.
As a consequence, the (331) state is not invariant under
rotations of the pseudospin, and one finds indeed that it
possesses an average polarization 〈S2〉 6= 0. Under ro-
tation in the appropriate direction, the (331) state may
thus be encountered for intermediate pseudospin polar-
izations, that is for 〈Sz〉 6= 0 such as in the red region
of Fig. 2 that separates the completely polarized system
(white) at low w and high V from the (black) singlet re-
gion at large values of w and low bias V . This rotation
towards an appropriate frame of reference may be im-
plemented for the trial wave functions with the help of
a variational parameter θ, that allows one to maximize
the overlap of the ground state with the (331) state and
other possible candidate wave functions. The appropri-
ate transformation on the electron coordinates reads(
z↑i
z↓i
)
7−→
(
cos θ2 − sin θ2
sin θ2 cos
θ
2
)(
z↑i
z↓i
)
. (4)
The strength of this variational approach is illustrated
in Fig. 3, where we have depicted the evolution of the
overlap of the (331) state with the ground state as a
function of θ for a set of parameters (w = 10 and V = 1)
that corresponds precisely to an intermediate pseudospin
polarization. Whereas the overlap almost vanishes for
θ = 0 that is in the absence of a rotation and remains
small in the pi/2-rotated frame used in the study of the
symmetric quantum well,9 it exceeds 70% for an optimal
angle of θopt ' 1.08. The pi periodicity in the angle-
dependence of the overlap reflects the fact that the z-
component of the pseudospin polarization in the rotated
frame vanishes for both θopt and −θopt, in contrast to
maximally polarized states that show a 2pi periodicity
(results not shown). Notice finally that the rotation of
the (331) allows us to obtain a state with partial subband
polarization (〈Sz〉 6= 0) although one maintains 〈Sz〉 = 0
in the rotated frame.
IV. RESULTS AND DISCUSSION
A. Parameter regions of maximal overlap
The central result of our paper is shown in Fig. 4,
where we present the optimal overlap [Fig. 4(a)] between
the ground state and the (331) Halperin state at the ro-
tation angle θopt that maximizes the overlap within our
variational procedure. We have chosen a magnetic field
of B = 14.2 T, such as to make a comparison with recent
experimental results.14 To corroborate our findings, we
present results for a different value of the magnetic field
(B = 7 T)in Sec. IV D. The value of this angle is repre-
sented in Fig. 4(b), with respect to the reference angle
θSQW = pi/2 of the symmetric square well with no bias
investigated in Ref. 9. One notices that the maximal
overlap, which is in the 70% range, is indeed situated in
the arc-shaped region of intermediate pseudospin polar-
ization depicted in Fig. 2. Concerning the black regions
in Fig. 4, where the overlap with the (331) state vanishes,
we have found that the singlet state at large w and small
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FIG. 4: (Color online) (a) Optimized overlap between
the ground and the (331) Halperin state for for N = 10,
NB = 17 in the lowest LL. (b) Angle that optimizes the
above overlap with respect to the angle θSQW = pi/2,
which is the optimal angle in the symmetric square
well.9 (c) Overlap between the ground and the (331)
state for the mean polarization angle (5), which is
depicted in (d).
V has a reasonably high overlap with the compressible
Haldane-Rezayi state,19 whereas in the small-w/large-V
limit the Pfaffian4 has the largest overlap (results not
shown). However, we stress that in this limit of the lowest
LL the (incompressible) Pfaffian is not the true ground
state, but rather the (compressible) composite-fermion
Fermi liquid. Even if a direct comparison between these
states is delicate in the spherical geometry, because the
states do not occur at the same shift, we have checked
that the ground state above the arc-shaped region in Fig.
4(a) (at N = 10 and NB = 18, i.e. for a shift δ = −2) is
adiabatically connected to the composite-fermion Fermi
liquid at w = V = 0. The incompressible Halperin state
is thus surrounded by compressible states, and the FQHE
can therefore be induced by increasing the bias for the
appropriate well width.
B. Optimal pseudospin angle
In order to obtain a better insight into the meaning of
the angle θ(w, V ) that optimizes the overlap, we consider
again the pseudospin polarization of the ground state. Its
average direction is characterized by the angle
θpol = arctan
( 〈Sx〉
〈Sz〉
)
, (5)
which only depends on the x- and the z-component of the
polarization because the y-component vanishes, 〈Sy〉 = 0.
This is a consequence of the considered rotation (4),
which only concerns the azimuthal angle θ, and we have
tested numerically that 〈S2〉 = 〈S2z 〉 + 〈S2y〉 remains in-
variant under this transformation. The polarization an-
gle θpol is shown in Fig. 4(d) as a function of the param-
eters w and V , and one notices an excellent agreement
with the angle that optimizes the overlap between the
ground and the (331) state in Fig. 4(b). Furthermore,
we have depicted in Fig. 4(c) the same overlap for the
polarization angle θpol instead of the optimal angle, and
one finds that the difference between the overlaps is in-
cremental in the region of interest. Our results therefore
indicate that, in order to investigate the (331) Halperin
state in a BQW, one needs to use a rotated basis that
is determined by the polarization angle of the sublevel
pseudospin.
C. Energy gaps
We now turn to the study of neutral energy gaps
that is the minimal gap between the L = 0 ground
state and the first excited state (generally at L 6= 0) at
fixed particle and flux number. In the case of Laughlin
states,1 this gap corresponds to the so-called magneto-
roton minimum.20 Although this is not the activation
gap obtained in magneto-transport measurements, the
neutral gaps provide a measure of the ground-state sta-
bility. The neutral energy gaps are presented in Fig. 5a,
in comparison with the overlap of the (331) state with
the ground state [Fig. 5b, same as Fig. 4a], for the opti-
mal pseudospin-rotation angle θ of the former. As in the
previous discussion, we show results for N = 10 particles
and NB = 17 flux quanta.
The gaps are largest (∼ 0.02...0.035e2/4pilB) in the
upper-left part of the region of highest overlap (75 %).
Our results for the neutral gaps therefore corroborate the
overall picture that the (331) state is stable in the param-
eter range where one finds the largest overlap with the
ground state obtained within exact diagonalization. In-
terestingly, one obtains a rather abrupt decrease of the
gap below the arc-shaped region of maximal gap, while it
remains substantial (∼ 0.01e2/4pilB) in the region above
the gap, in which one expects a polarized state. Whereas
the origin of this decrease remains to be understood, as
well as its relative increase again at lower values of V (and
larger values of w), one notices that it is anticipated by
the overlaps (Fig. 5b) where one finds a qualitatively
similar fine structure in the arc-shaped region of the pa-
rameter space.
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FIG. 5: (Color online) (a) Neutral energy gap [in % of
the Coulomb energy e2/(4pilB)] and (b) optimized
overlap of (331) with the ground state for N = 10 and
NB = 17.
D. Results for a different value of the magnetic
field
In addition to a magnetic field B = 14.2 T, a value used
in the previous subsections, we present here results for a
different value B = 7 T in order to test the global picture
presented above. Figure 6 represents the same quantities
for this value (for N = 10 particles and NB = 17 flux
quanta) as Fig. 4 for B = 14.2 T.
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FIG. 6: (Color online) Same quantities as Fig. 4, for a
different value of the magnetic field, B = 7 T.
One notices the similarity between the results for B =
14.2 T and B = 7 T, are similar. For both values of
the magnetic field the ground state of the system has a
large overlap with the (331) state in an arc-shaped region
of the parameter space. Quantitatively, two differences
are worth pointing out. First, the region of high overlap
mentioned above is shifted to slightly lower values of the
width for B = 7 T as compared to B = 14.2 T. This shift
as a function of the magnetic field may be understood
qualitatively from simple scaling arguments. Consider
the V = 0 limit in which case the (331) state is stabilized
when the gain in correlation energy ∼ (e2/lB)× (w/lB)
from filling the higher subband roughly cancels the sub-
band gap ∆ = ∆(w, V = 0),9 i.e. in our units
∆
e2/lB
= c
aB
lB
×
(
lB
w
)2
∼ w
lB
, (6)
where c is a numerical prefactor and aB = ~2/me2 is
the effective Bohr radius in terms of the electronic band
mass m. This leads to a B-field scaling
w
lB
∼
(
aB
lB
)1/3
∝ B1/6 (7)
for the characteristic parameter at which the (331) state
is stabilized. In the present case (Fig. 6), the magnetic
field is half of that discussed previously in Fig. 4, such
that one expects for the characteristic width parameter
(w/lB)[B = 7 T] ' 0.9(w/lB)[B = 14 T], in agreement
with our numerical findings.
As for the second quantitative difference between the
two values of the magnetic field, one notices that the
overlap of the ground state and the (331) state is slightly
enhanced for B = 7 T. It is on the order of 80% in the
high overlap region whereas it is ∼ 70% for B = 14.2 T.
E. Comparison with experiments
Notice finally that our variational approach pro-
vides an excellent understanding of recent magneto-
transport measurements by Shabani et al., who inves-
tigated quantum-Hall states in quantum wells with a po-
tential bias applied between the sides.14,15 In the case of
the 55-nm wide sample, which we discuss as a representa-
tive example here, half-filling of the lowest LL is encoun-
tered at a magnetic field of 14.2 T, which is precisely the
value we have chosen in our numerical studies. It corre-
sponds to a ratio of w/lB ' 8 between the well width and
the magnetic length. A FQHE could be stabilized for val-
ues of the bias around V = 16.5 meV that correspond to
V/(e2/4pilB) ' 1 in our units. Our overlap calculations
in Fig. 4 indicate a similar window for the observation of
a FQHE slightly below w ' 10lB that is some 10− 20%
larger than the experimental value. Apart from the finite
size of the system studied numerically, this slight discrep-
ancy is likely to be due to our BQW model that considers
infinite potential barriers, whereas the potential barriers
6are finite (∼ 200 meV) in a realistic situation such that
the wave functions ϕσ(z) can penetrate into the barri-
ers. The wave function in the z-direction is therefore
slightly larger than in the BQW model, where the width
of the wave function coincides with the well width w. To
compensate this effect, one therefore needs to consider a
larger effective width within our model.
V. CONCLUSIONS
In conclusion, we have presented numerical evidence
that a FQHE in the form of a (331) Halperin state can
be stabilized in a wide quantum well with a potential
bias in an intermediate range, as observed experimen-
tally. From a technical point of view, we have established
a model (BQW) that allows one to obtain the wave func-
tions, which are associated with the confinement poten-
tial. They are the basic ingredient in the calculation of
the effective interaction potential, which is used in our
exact-diagonalization studies on the sphere. This model
may be useful in further studies of the FQHE in wide
anisotropic quantum wells. Furthermore, we have shown
that the wave-function overlap between the ground state
and trial wave functions, as the (331) state here, can
be largely enhanced if the state is prepared in a rotated
frame that corresponds to the orientation of the sublevel-
pseudospin polarization. We expect that this rotated
frame is also essential in the understanding of other pos-
sible FQHE states in the BQW, beyond the (331) state.
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